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Abstract
Given a multivariate polynomial F'(z,y, ..., z), this paper deals with calculating
the roots of F' w.r.t. z in terms of formal power series or fractional-power series in
Y, ...,z If the problem is regular, i.e. the expansion point is not a singular point of a

root, then the calculation is easy, and the irregular case is considered in this paper.
We extend the generalized Hensel construction slightly so that it can be applied
to the irregular case. This extension allows us to calculate the roots of bivariate
polynomial F(z,y) in terms of Puiseux series in y. For multivariate polynomial
F(z,y,...,z), we consider expanding the roots into fractional-power series w.r.t.
the total-degree of y,...,z, and the roots are expressed in terms of the roots of
much simpler polynomials.

Running head: Solving Multivariate Algebraic Equation

1 Introduction

Given a multivariate polynomial F(x,y,...,z), this paper deals with calculating the
roots of F(x,y,...,z), with respect to z, in terms of formal power series or fractional-
power series in y, ..., 2z, up to any given finite power.

This calculation is fundamentally important in mathematics and mathematical sci-
ences, see [Wal91] for a survey of recent studies. For bivariate polynomial F(z,y), a
simple method called Newton-Puiseux’s method has been discovered in 1850, and we
have already an elegant theory of Puiseux series (fractional-power series) of algebraic
functions; see [P1850] and [Wal78].

Classical Newton-Puiseux’s method is, however, very inefficient in that i) we must
introduce many algebraic numbers practically and ii) we must perform power series sub-
stitution and solve an equation at the determination of each expansion coefficient. Hence,
the classical method contains many problems for the practical use. As for i), Duval
[Duv89] for example presents a method which decreases the number of algebraic numbers



to be introduced. As for ii), Kung and Traub [KT78] proposes to use Newton’s iterative
method for power series [GCL92]. These studies have made the computation of power
series roots practical, so long as bivariate polynomials are concerned. However, we have
many problems in multivariate case.

Suppose the expansion point of the power series is (y,...,z) = (0,...,0), and let the
roots of F(x,0,...,0) be (1,...,(y:

F(2,0,...,0) = (- (1) - (2 — C). (1.1)

If we are allowed to compute numbers (1, ...,y numerically then the computation and
the resulting expressions of the roots will be much simpler than treating them as alge-
braic numbers. In this paper, we admit both approaches: (i,...,(y; may be computed
numerically hence approximately to any desired accuracy or may be treated exactly as al-
gebraic numbers. Another important note is that the computation is crucially dependent
on whether or not the following condition is satisfied.

Condition A The numbers (y,...,(q are mutually different, i.e.,

G # ¢ for any i # j. (1.2)

Following [KT78], we say that the problem is regular if Condition A is satisfied. Note
that if ; = (; (¢ # j) then (; is a singular point of a root of F(z,y,...,z). If the problem
is regular, the computation of the roots is nothing but the Taylor series expansion and
quite easy: we have only to apply power series Newton’s iterative method or perform
the generalized Hensel construction, as will be explained in 2. For irregular problems,
however, both Newton’s iterative method and the generalized Hensel construction breaks
down. For bivariate polynomials, Kung and Traub proposed a transformation which
converts irregular problems to regular ones. However, the transformation cannot directly
be applied to multivariate case, and Condition A poses us a problem. In this paper, we
propose a new method which is applicable to not only bivariate but also multivariate
polynomials, by extending the generalized Hensel construction.

There is a close relationship between Newton’s iterative method and the method us-
ing Hensel construction. That is, the method using Hensel construction is a parallel
execution of linearly convergent Newton’s method, calculating all the roots simultane-
ously; see [Wan79] or [SS92| for the parallel Hensel construction. Furthermore, there
is a good similarity between calculating the roots of univariate polynomial f(z) numer-
ically and expanding the roots of multivariate polynomial F(z,y,...,z) symbolically.
Single-root Newton’s method for solving f(z) = 0 numerically, with initial approxima-
tion # = z(© such that f(z(®)) ~ 0, calculates the root by increasing the accuracy it-
eratively as 2D = z(®) 4 Az(*+D k= 0,1,..., such that |[Az**V| ~ |Az®|? with
p > 1; see [Iri8l1], for example. Durand-Kerner’s method [Dur60, Ker66 and AbeT73]
calculates all the roots of f(x) simultaneously by starting from initial approximations
T, = xl(-o) (t=1,...,deg,(f)). Kung-Traub’s method for bivariate polynomial F(z,y)
corresponds to single-root Newton’s method and, with an initial approximation z = z(%
where z(?) is a root of F(z,0), it calculates the higher power terms of power series itera-
tively. On the other hand, the method using parallel Hensel construction corresponds to
Durand-Kerner’s method.



In 2, we review the generalized Hensel construction and its breakdown. In 3, we
consider calculating the power series roots of bivariate polynomial F(z,y) in irregular case,
by extending the generalized Hensel construction slightly. We will see that Puiseux series
expansions of the roots are obtained by this extension. In 4, we consider calculating the
power series roots of multivariate polynomial F(z,vy, ..., z) in irregular case, by applying
the extended Hensel construction. However, the application is not so direct: in the case
of multivariate polynomials of more than two variables, different kinds of fractional-power
series expansions are possible which show different analytic behaviors, and the expanded
series are not so simple as those in bivariate case. We will investigate fractional-power
series expansion of the roots, w.r.t. the total-degree of y, ..., z; for the total-degree, see
2. Finally, in 5, we discuss our method from the viewpoint of practical usefulness.

2 Hensel construction and its breakdown

Let K be a number field of characteristic 0. The field of complex numbers is denoted
by C. By Kly,...,z], K(y,...,z) and K{y,...,z}, we denote the polynomial ring,
rational function field and power series ring, respectively, over K in variables y, ..., z.
By (Ay,...,A,), with Ay, ..., A, polynomials or algebraic functions, we denote an ideal
generated by Aq,..., A,,.

Let F(z,y,...,2) € K[z,y,...,z]. By deg,(F) and deg,(F), we denote the degrees of
F with respect to x and y, respectively. Let T' = cz{* - - - x&", with ¢ € K. By tdeg(T'), we
denote the total-degree of T', i.e., tdeg(T) = e; + - - - + ¢€,. Total-degree of a polynomial is
the maximum of total-degrees of its terms. The greatest common divisor of polynomials
F and G is denoted by ged(F,G). Let F(x,y,...,2) be expressed as

F(z,y,....,2) = faly,....,2)x% + fa_1(y,...,2)z" 4+ 4 foly,...,2). (2.1)

If f; = 1 then F' is called monic w.r.t. x. If F' has no multiple root w.r.t. z, then I is
called square-free w.r.t. x. As is well known,

F' is square-free w.r.t. v <= gcd(F,dF/dz) = 1. (2.2)

In this paper, we calculate the roots by expanding them at (y=0,...,2=0). This re-
striction does not reduce the generality because the expansion at (y=gvo,...,2=2zp), with
Yo, - - - , 2o nonzero numbers, is nothing but the expansion of the roots of F'(x,y,...,2) =

F(z,y +vo,.--,2 + 20) at (y=0,...,2=0). Furthermore, when F(z,y,...,z) is not
monic w.r.t. z, we transform F' into a monic polynomial F' by the following well-known
transformation.

F(z,y,...,2) = F(z,y,...,2) :fg_lF(m/fd,y,...,z). (2.3)

Then, the roots xi(y,...,2) (i=1,...,d) of F(x,y,...,2) wr.t. z can be expressed by
the roots X;(y,...,2) (i=1,...,d) of F(z,y,...,2) w.r.t. x as

Xi(Yy s 2) =Xi(y, ..., 2)/ faly, ..., 2), i=1,....d. (2.4)
Therefore, the problem is reduced to finding the roots of monic polynomial. Note that, if
fa(y,...,z) contains a constant term, hence f4(0,...,0) # 0, then we can calculate f;*
in K{y,...,2} so we can convert F' into monic by multiplying f;* to F.
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Next, let us consider the condition in (1.2), i.e., square-freeness of F'(z,0,...,0). Asis
well-known, decomposition of F' into square-free factors, or square-free decomposition of F'
can be done by the ged and exact division operations, using relation (2.2). Hence, we may
assume without loss of generality that the given polynomial F'(x,y, ..., z) is square-free.
Note that, even with this assumption, F(z,0,...,0) may not be square-free.

Let F'(z,vy, ..., 2) be amonic square-free polynomial in K|z, y, ..., z], and F(x,0,...,0)
be factorized in K[x] as

F(2,0,...,0) =G (z) - GO(z), r=>2,

(0) (0) (2.5)
G, and G} are relatively prime for any i # j.
The generalized Hensel construction is to construct GZ(-k) (,y,...,2) (i =1,...,7r) in
K{y,...,z}[x], successively for k =1=2= 3= ---, satisfying
F(xvya"'wz)Eng)(xvya-"72)“'G£‘k)(x7y7'-'7z> (HlOd (yv-"7z)k+1>7 (26)

deg,(G) = deg, (G, GM(2,0,...,0)=C (), i=1,...,n

)

See [Hen08] for the Hensel construction and [Lau82 and GCL92] for the generalized Hensel

construction. Note that the relative primality of GEO) (x) and GEO) () for any ¢ # j, is
crucial in the above method.
In the actual computation, we set K = C, so F(x,0,...,0) is factorized as

F(z,0,...,0) = (. — &)™ - (x — G)™,

) (2.7)

G-, 6 €C, G #G forany i # .
Then, we put G¥(z) = (x — ¢)™ (i = 1,...,r), and the Hensel construction can
be performed if » > 2. Since degx(ng)) = m; and G'¥ is monic w.r.t. z, we have

Gz(k)(x, Yyoooy2) =T — ng) (y,...,2) if m; = 1. That is, the Hensel construction gives the

root corresponding to (; if m; = 1. However, if m; > 2, we must factorize ng) further into
linear factors to get the roots, which cannot be done by the conventional Hensel construc-
tion. Therefore, only one case which we must consider and for which the conventional
Hensel construction breaks down is that

F(z,0,...,0)=(x =)™ -+ (z = ¢)™, max{my,...,m.} > 2. (2.8)

3 Calculating the roots of F(z,y)

First of all, we note that the Hensel construction is applicable to F(x,y, ...,z) €
K{y,...,z}x]. Hence, we assume in this section that F(z,y) € C{y}[z], including the
case of F'(x,y) € Clz,y]. This is necessary because, in the process of root calculation, we
first factorize F'(x,y,...,z) in C{y,...,z}[z] by applying Hensel construction, obtaining
G (z,y,...,2) € Cly,...,z}[x] as a factor of F' (see 3.2), then calculate the roots of
G®)(z,y,...,z). Of course, the F(x,y,...,z) given initially is a polynomial.

We assumed that the polynomial given initially was monic w.r.t. z and square-free.
Hence, we assume that F(x,y) € C{y}[z] is also monic and has no multiple root w.r.t. z.
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Furthermore, as the case for which the conventional Hensel construction breaks down, we
may assume without loss of generality that

F(x,0) = 2%, (3.1)

3.1 Initial factors and modulus

In order to perform the Hensel construction, we need relatively prime polynomials as
initial factors. We determine the initial factors by adding some terms containing y to the
leading term z¢. The additional terms are determined by the method of Newton polygon
which we call Newton’s line (Newton’s line is a side of the Newton polygon).

Definition 1 (Newton’s line) For each nonzero term cx>y® of F(x,y), we plot a
dot at the point (e;,e,) in the two-dimensional Cartesian coordinate system. Let L be a
straight line such that it passes the point (d,0) as well as another dot plotted and that no
dot plotted is below L; see Fig. 1. The line L is called Newton’s line for F'.

ey A F=$3—x2y2—xy3+y4

>
-

d €

Fig 1. Ilustration of Newton’s Line L

Definition 2 (Newton’s polynomial) The sum of all the terms of F(x,y), which
are plotted on Newton’s line is called Newton’s polynomial for F'.

Note that Newton’s line is uniquely determined by F'(x,y). Let § be the e,-coordinate
of intersection of L and e,-axis, hence Newton’s line is e, /d + e,/ = 1. Let F(O(x,y) be
Newton’s polynomial for F(z,v), hence F()(z,y) consists of some of the terms

d [Ed_l

o/d d—2
x, 9/733

25/d ds/d
, . )

Y o Y

Let F'©(x,1) be factorized over C as

FO@ 1) = (z - )™ - (x — ()™,
Ci,.. G €C, G #¢ forany i # .

Then, since F'©)(x,7) is a homogeneous polynomial in z and y%/¢, F(©)(z, y) is factorized
in Clz, 4% as

(3.2)

FO(z,y) = (x — Gy?/)™ - (x — ¢y ). (3.3)
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Ifr > 2, we Wi}l use these factors as initial factors of Hensel construction.
Let 6 and d be positive integers such that

o/d=26/d, ged(d,d) = (3.4)

Remark 1 We have 1 < d < d, because Newton’s line passes a point (eq, e, ), where
e, and e, are integers satisfying 0 <e, < d, 0 < e, and 0/d = e,/(d — e,).

Lemma 1 Let F(z,y) be an element of C{y}[z], and let 6 and d be defined as above
by using Newton’s line for F(x,y). Then, except for numerical coefficients, any term of
F(x,y) is contained in the set

{xdy(k+0)/zi7 xd_1y(k+5)/cz7 xd—Qy(k+25)/af’ . y(k+d§ /d’ k=0,1,2,. }

Proof. Consider a term x*y®, where e, and e, are any integers such that 0 < e, <
d, 0 < e, and that (e,,e,) is not below Newton’s line L. The latter condition implies
e;/d +e,/6 > 1. In order to prove the lemma, it is enough to show that there exist
integers ¢ and £ satisfying conditions 0 < ¢ < d, 0 < k, and i (k“‘s)/ d — e =y . The

last condition is satisfied by putting i = d — e, and k = eyd z5 so we have 0 < < d.
The condition k& > 0 is also satisfied, because e,/d + e,/d > 1 means

F_edzlze) e o 5,
5d 5d i’

This proves the lemma. O

Lemma 1 leads us to define ideals S (k=1,2,...) in C{y"/?}[z] as follows.

Sp = (2,97 x (yh)k

_ (l’d, xd—lyé/d7 ZL'd_Qy%/d, - Oyd6/d) % (yk/d) (35>

(xd (k+0)/d .d—1, (k+b)/d 242 (k+26)/d

Y LY

y L ay(erdd)/d),

We use Si (k=1,2,...) as moduli of Hensel construction.

3.2 Extended Hensel construction

In this subsection, given F'(z,y) € C{y}[z], we consider factorizing F'(z,y) as F'(z,y) =
Gi(x,y) - G(x,y) in C{y"}[z], with deg,(G;) > 1 (i=1,...,7) in general. We as-
sumed that F(O)(z,y) was factorized as in (3.3), so we put

FO(z,y) = GV (z,y) - GO (z,y),

o (3.6)
GOz, y) = (& — G/ Hym™, i=1,...r

Furthermore, for simplicity, we put B



Lemma 2 (Lagrange’s interpolation polynomials) Let Gy(x,9) (i=1,...,r) be
homogeneous polynomials in x and g, with r > 2 and deg,(G;) = m; (i=1,...,r), such
that o

ged(Gy,Gj) =1 for any i # j. (3.8)
Then, for each | € {0,...,d — 1}, where d = deg, (G, --- G,.), there exists only one set of
polynomials {Wi(l) (x,9) | i =1,...,1} satisfying
WG GG+ -+ WO[Gy -+ G, )G = 2l
R (3.9)
deg, (W, (z,9)) < deg, (Gi(x,9)), i=1,....r

W-(O), ey Wi (= 1,...,7) are homogeneous polynomials in x and g, of total-degree
m;. We call W (1t=1,...,r) Lagrange’s interpolation polynomials.

)

Proof. There exists only one set of polynomials {Wi(l) | i =1,...,r} satisfying (3.9)
with § = 1. (For the proof, see [Laus2] or [$$92].) Since deg,(W"[G:--- G, /Gy]) <
d, we can homogenize W, (z,1) and Gj(z,1) (i =1,...,r) simultaneously, which gives
Wi(l)(:c,@) (¢ =1,...,r) uniquely. Since the r.h.s. of the upper equality of (3.9) is of
total-degree d w.r.t. x and 9, W is of total-degree m; w.r.t. x and y. O

7

Theorem 1 Let F(x,y) be a monic square-free polynomial in x with coefficients in
K{y}. Let FO(x,y) be Newton’s polynomial for F(x,y) and factorized as in (3.6) with
r > 2, and let Sy, (k=1,2,...) be defined by (3.5). Then, for any positive integer k, we
can construct ng) (x,y) € C{yl/‘i}[x] (i=1,...,7), satisfying

F(z,y) = G (z,y) - G (z,y) (mod Siy1), (3.10)

G, y) =Gz, y) (mod Sy), i=1,....r (3.11)

)

Proof. By mathematical induction on k.
Since F(z,y) = F©(z,y) (mod S;), the theorem is valid for ¥ = 0. We note that
GZ(O) (x,y) (¢ =1,...,r) are monic w.r.t.  and homogeneous w.r.t. x and §. Suppose
that the theorem is valid up to the (k—1)-st construction step (k > 1). Furthermore, as
induction assumptions, we assume that ng_l) is expressed as

G () = GO, y) + AGY (z,y) + - + AGF V(a, y),
: (3.12)
deg, (AGYF ) (2,1)) < deg, (G (z,y)) =m;, K =1,... k-1,

and that AGEk (z,y)/y¥/? (K'=1,...,k—1) are homogeneous polynomials in z and §, of
total-degree m; w.r.t. x and . We put

AF®) (x,y) = F(x,y) — ng_l)(z, (EEE G(k_l)(:n,y) (mod Ski1). (3.13)

Then, Lemma 1 and induction assumptions tell us that AF®)(z,y) is expressed as

AF®(w, ) = fifh (g) -y o 50 () - a0y,
(3.14)

fP) = cPykid B ec (1=o0,....d-1).



We construct ng) (z,y) (i=1,...,r) by putting

G (z,y) = GF V@, y) + AGP (z,y), AGH =0 (mod Sy). (3.15)

7 7

Substituting this expression for ng) in (3.10), and noting that AGEk) =0 (mod Sk), we
see that (3.10) is satisfied if and only if the following equation is satisfied.

AF® = AGPIGY .01+ + AGWGV - G)]  (mod Sjyq). (3.16)
Lemma 2, with Gy(z,9) = GEO) (z,y) (i=1,...,7), and AF® in (3.14) allow us to solve
this equation as

(k) S0 (k)
AGz (x7y):ZVV7, (may)fl (y)a Z.:L"'vr? (317)
1=0

where Wi(l) (t=1,...,r) are defined in Lemma 2. The AGEM thus calculated is of degree

less than m; w.r.t.  and AGEk) (x, y)/yk/cz is a homogeneous polynomial in z and ¢, of
total-degree m; w.r.t. x and y. This completes the proof. O

Corollary 1 G\¥ (i=1,...,r) satisfying (3.10) with (3.11) are unique.
Proof. This follows directly from the uniqueness of W (z,y),..., I/Vi(dfl)(:c, y) (i=
L...,r). O

We call the above-mentioned construction extended Hensel construction.

In the rest of this subsection, we show that if F(°)(x,y) is factorized in C[z,y] then
F(z,y) is factorized in C{y}[x]. In order to show this, we have only to show that extended
Hensel construction can be performed in Clz,y] in this case.

Theorem 2 Let FO(x,5) be factorized in Clx,y] as

F(O)(Z',y):FI(O)(.I?y)F§0)(x7y), s2>2
gcd(Fi(O), Fj(o)) =1 forany i#j.

Y

Let the extended Hensel construction of F(x,y), with initial factors Fl(o) (z,y), -, FO(z,y),
be as follows (k is any positive integer).

Then, Fi(k)(:v,y) € Clz,y] (i=1,...,s).

Proof. Lagrange’s interpolation polynomials Wi(o), e Wit (1=1,...,s), satisfying

(3.9) with G; = E(O), are calculated by the extended Euclidean algorithm which consists
of only rational operations. Hence, I/Vi(l) € K(y)[z] (1=0,...,d—1). On the other hand,
Lemma 2 says that VVi(l) is homogeneous w.r.t.  and y. Hence, W,L-(l) € Klx,y]. Now,
the theorem is apparently valid for £ = 0. Suppose that it is valid up to the (k — 1)-st
construction step (k > 1), then putting AF®) = F — F& V... F;=D (mod  Sjy,), we

S
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find that AF*) € C[xz,y]. Hence, the construction formula (3.17) tells us that E(k) (i=
1,...,s) are also in Clz,y]. O

Remark 2 If the slope of Newton’s line is an integer then d =1 and Y = yS, SO
FO (z,y) is obviously factorized in C{y}[z]. However, Theorem 2 is valid regardless of
whether d = 1 or not (see Example 1, below).

In the actual root calculation, F'©)(x, ) should first be factorized as in (3.18) then be
factorized as in (3.6), although we have stated Theorem 1 earlier than Theorem 2.

3.3 Example of extended Hensel construction

Example 1 F(x,y) = 2° + 2y — 223y — 22%y> + 2(y? — v3) + 1>
We have d = deg,(F(z,y)) = 5. Newton’s line L is determined to be e, /5 +¢,/2.5 =1
with § = 2.5, hence 6/d =1/2=¢§/d and § =1 and d = 2. The ideal Sy is

So = (2,y"?)° = (a°, aty'2, &Py, 2Py, ay? y7R).
Newton’s polynomial F©)(x,7) is determined and factorized as
FO(z,y) = 2° — 2%y + ay® = w(a + %) (x — y'/?)%.

Hence, we put G1 =7, Ggo) = (z + y'/?)?, G:(SO) = (z —y'/2)2
Lagrange’s interpolation polynomials are calculated as

1 3 3
W1(0) =yl/2 W(O) _ _7$y1/2 ~ 2y, Wéo) _ xyl/g 42y
2 4 4
1 1 1 1
Wl(l) =0, Wz(l) _ nylm + 50 ngl) _ ay'/? S0
1 1
wi=o, WP =y, Wi =y
4 4
1 1
W1(3) =0, W2(3) _ _zxy1/2 ’ ng?’) _ nym 7
@ — @ _ 1 ip 1 @ _ 1 qp 1
Wim=0, W, STty W 5%y e

One can check easily that these polynomials satisfy (3.9).
For Sy = (2°y, x%®?, 2%y? 2%°/%, xy®, 47/?), we have

AFY = F-cPcPay (mod S5)

= M2 g2 g2 232 12 5l
Hence, f\V = y1/2, 0 = _op1/2 ¢ — y1/2 and £V = Y = 0. Using these
polynomials (in § = y'/?) and formula in (3.17), we obtain
G = G+ W g = z+y,
Gy = GY W e Wi g e WO Y = (e 4y )2,
G = G 4 WO D L O ey

9



For Sy = (2°y%/2, a%y?, 2%y
AF®? = F-GPGPGY  (mod S5)
= —y-xy.

Hence, f1(2) = —y and ff) = f§2) = f2(2) = fém = (0 and we obtain

¢ =6V +o = z+y,
G = G WIS = (@4 (a4 ),
GY = GY+wWVAY = (@ —y 2+ (ixzﬁ” ;yQ)
Continuing two more iterations, we obtain
G =z+y+y,
G5 = (x+y'?) - (iﬂcy?’/2 + ;yQ) (;f]ﬁy2 + i?f’”) — (giwy5/2 + zy?’),
G = (e —y'?) + (lexy‘?’/2 ;y2) (;xy2 - iym) + (2%@/5/2 - zy?’)-

We note that G§4) and Gg4) can be written as
Gy =Gyl +y' PGy,
4 4 4
a5 =Gy -y,

where Gg) and fo) are given by

1 1 9

4) _ /2 42 L 9 I3
Gp' = (7 +y) Y T Y gy
1 3 53
GO —gp Ly e 03
et 4y 64”

The above computation suggests us that G§°°> € Clz,y]. In fact, this suggestion is
true by Theorem 2 because F((z,y) in the above example is factorized in C[z,y] as
FO (2, y) = x(2* — 22%y + 9?). Furthermore, Theorem 5 to be presented in the next

section will show that G, G € Clz, y].

3.4 Calculating the roots in C{yl/cz}

In this subsection, we consider factorizing F'(z,y) into linear factors over C as

Fa,y) = Fi(z,y) - Fa(z,y) = (x = xa(y) - (2 — xa(y)),
Yi(y) € C{y*/%} with d; a positive integer, i=1,...,d,

10



where F(z,y) is in C{y}[z], monic w.r.t. 2 and square-free. We first simplify the problem
using Theorem 2.
As the factorization in (3.18), suppose that we have the following.

F(O)(xu y) = Hl(xv y>m1H2(x7 y)mg U HS(ZE, y>mg (321>

(irreducible factorization in Clz,y]),

ged(H;, Hj) =1 for any @ # j. (3.22)
The degree of H; is related with d, as the following lemma shows.
Lemma 3 Let FO) (2 y) be factorized as in (3.21) with (3.22). Then,
d | deg,(H;) for any i such that H; # x. (3.23)
Proof. Since H;(z,y) is irreducible in C[z,y|, H;(x,y) must be of the form
Hi(x,y)=2a" + -+ oy, co#0, pi/ri=20/d.

Here, r; and p; are nonzero integers and d and & are the smallest positive integers satisfying
d/d = 6/d, hence we obtain (3.23). O
Suppose that s > 2 in (3.21). Then, Theorem 2 assures that we can perform the
factorization in C{y}|[z], of F(x,y) as follows.
F(a,y) = F"(e.y) - FP(z,y)  (mod Spp).
F-(k)(x,y) = H;(z,y)™ (mod S;), i=1,...,s.

2

(3.24)

Remember that H;(z,y) is irreducible in C|z,y] and homogeneous w.r.t. z and ys/ d
Hence, for H;(x,y) # x, we can factorize H;(x, 1) as

Hi(x, 1) = (x = Gn) (@ = Cin)s  Gigr # Gigo i J1 # Jo,
where r; = deg, (H;). Therefore, we have
Fi(z,y) = Hi(z,y)™ (mod Sy)
= (2 Gy (@ = Gy D™ (mod ). (3.25)

Using the above (z — Ci,jys/ ‘2)"“ (j=1,...,7;) as initial factors of Hensel construction, we

can factorize E(k)(x, y) in C{y"/?}[z] as described in 3.2. Hence, in order to perform the
factorization of G(z,y) into linear factors, we have only to consider G(z,y) such that

G(z,y) € C{y"4}[z], G(x,y) is monic w.r.t. ,

O (3.26)
G(z,y) = (x — CyH™ (mod S;), m > 2.

Of course, G(z,y) corresponding to H;(z) = z is in C{y}[z].
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Now, we describe a method of factorizing G(z,y) into linear factors. First, we perform
the following transformation for G(z, y).

Gla,y) = C'(z,y) = Gla + '/ y). (3.27)
Then, we have A
G'(x,y) € C{yY?}z], G'(x,y)=z™ (mod Si). (3.28)

Therefore, without loss of generality, we may assume that ¢ = 0 in (3.26), i.e.,
G(z,y) = 2™ (mod S). (3.29)

Eq. (3.29) is similar to (3.1), and we perform the factorization of G(z,y) similarly
to that described in 3.1 and 3.2. That is, we draw Newton’s line for G(z,y), construct
Newton’s polynomial GO (z,y) € C[z,y"1], factorize G (z,y) over C, and perform the
extended Hensel construction. Only one thing that needs explanation is the determination
of modulus of Hensel construction.

Let Newton’s line, in the e;-e, coordinate plane, for G(x,y) be e;/m + e,/ =1, and
let m and [ be positive integers satisfying

B/ = pfm,  ged(d, ) = 1. (3.30)
Then, instead of Lemma 1, we have the following lemma for G(z,y).

Lemma 4 FEzcept for numerical coefficients, any term of G(z,y) is contained in the
set

{xmy(kJrO)/(dm), xmfly(kﬂi’l)/(dm), e xoy(kerdﬂ)/(dm) ‘ k=0,1,2,...}. (3.31)

Proof. A slight modification of the proof for Lemma 1 proves this. O

Lemma 4 leads us to define ideals Sy (k=1,2,...) in C{y*@}[z] as follows which
we use as moduli of extended Hensel construction for G(z,y).

Sio= (a gty x ()
R LY Ve ALV ) B (YU CLOD (3.32)
Remark 3 Since m is a divisor of m, we may think that each term in (3.31) is
contained in C{y"/ @)} [x].

Remark 4 Consider (3.21) and suppose that Hy(z,y) = x so H;(x,y) # « for i > 2.
Then, d = mq + roms + --- + r¢m, and Lemma 3 tells us that d | ged(rg, ... rs). If
H;(z,y) # x for every i, then we have d = rym; + -+ + rymg and d | ged(ry,...,7s). By
this, we can easily get an upper bound of the denominator of the fractional powers.

Now, we can state our main theorem.

12



Theorem 3 Let F(x,y) € K[z,y| be monic w.r.t. x and square-free. Then, by re-
peated use of the extended Hensel construction, we can factorize F(x,y) into the form
(3.20). Furthermore, let Newton’s polynomial FO(z,y) for F(z,y) be factorized as in
(3.21) with (3.22), and let F(z,y) be factorized as in (3.24), where we put Hy(z,y) = .
(If FO)(x,y) does not contain x as a factor then we ignore Fy(z,y) below.) Then, we have

Fi(z,y) = (@ —x"®) - (= —xP (), (3.33)

Wiy ecy™y (=1,...,m),

Fi(z,y) = (2 =XV @) - (. — x.. (%)), (3.34)
y) e clymdy (G=1,...,mm), 2<i<s.

Proof. Most part of this theorem has already been proved, and we have only to show
that we can factorize F(z,y) into linear factors w.r.t. z. Applying the extended Hensel
construction to G(z,y) in (3.26), we can factorize it as G(z,y) = Gi(z,y)--- G,(x,y),

G; € C{y" @™} [z] (i=1,...,p). The G; may still be of degree greater than 1. Then, we
apply the procedure described in this subsection to G; again. This application is possible
because, by the assumption of square-freeness of F'(z,y), every root of F(x,y) is different
from each other and we can construct Newton’s polynomial for any G; of degree > 2.
Therefore, we will finally obtain linear factors. O

Example 2 Let G(z,y) be the third factor G3(z,y) in Example 1.

1 1 1 3 53 9
a 22 s Loy L 9 5 99 52 Jo3y
(@,y) = (@ =y ")+ (™" = 5v7) = (Goy” = v°) + (Gay’™ = ov)
With the transformation z = 2 4+ y'/2, G(x, %) becomes
1 1 1 1 53 19
a o 2 (P — 1) (S — S 29 52 1Y sy
(@) = 2"+ (Qay™” = v7) = (Gay” = 977" + (ay”” = o v7)
We have m = deg,(G) = 2. Newton’s line is e, /2 4+ ¢,/2 = 1, hence m = i = 1 and the
extended Hensel construction can be performed in C{y'/2}[z]. Newton’s polynomial is

GO(x,y) = a® —y* /4= (x +y/2)(x - y/2),
so we define ideals Sy (k=1,2,...) as follows.

2. k/2 1+k/2
?

Sk = (z,9)* x (y"*)* = (*y*/?, zy 2Hk/2)

Y

Put Gﬁ”) = z + y/2 and Ggo) = = — y/2. Lagrange’s interpolation polynomials for
{Ggo), Gy } are determined as

Wi =—y, W =y,
Wil =y/2, WiV =y/2.

For Sy = (2%y, 7y?, %), we have

_ —0) = 1 1 5
AGY =G - GVGY = (9% oy + ((v%) 47 (mod Sp).
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Hence, we can calculate GE” = GEO) + AGQ) (1=0,1) as follows.

_ _ 1 1 1 1
GV o= GO wl . Cy ) w2y = a4 Sy — Sy
4 4 2 8
_ - 1 1 1 3
Gy = GV W () e W () = e gy g
4 4 ) 8
Similarly, for Sy = (2242, 2y°/?,y"/?), we obtain
_ 1 1
G (ay) =+ 5y~ v+,
_ 1 3 1
Gg)(x,y) =T = 5?/ + §y3/2 - 5?427
satisfying G(z,y) = G2 (m,y)@g) (z,y) (mod S3). O
Putting @ (k) ( y) = ng)(y), i = 1,2, we see that ka satisfies F(Xl(k) (y),y) =0
(mod y?F(k+1) i 2). Smce the extended Hensel construction is unique, as Corollary 1 says,

(k)

the series x;

./ (y) must be Puiseux series of a root of F(x,y).

4 Calculating the roots of F(x,vy,...,z2)

Now, let us consider the multivariate case; here, by multivariate case, we mean that

the given polynomial F(z,y,...,z) contains three or more variables. As in 3, we assume
that F'(z,y,...,2) is monic W.r.t. x, square-free, and satisfies
F(x,0,...,0) = 2% (4.1)

4.1 Various fractional-power series expansions

We note that in the multivariate case there are many different kinds of fractional-
power series expansions which show different analytic behaviors. In this subsection, we
show this fact explicitly by simple examples, which will help the reader to understand the
fractional-power series expansion of the roots of multivariate polynomials, and explain
why we investigate the power series expansion w.r.t. the total-degree.

In many cases, some roots can be expanded into power series of fractional powers for
only one variable and of integral powers for other variables. Let a given polynomial be
F(z,y,21,...,2,), and assume that F(x,y,0,...,0) is factorized as follows.

F(2,9,0,...,0) = FO(z,y) - FO(a,y),
FOa,y) = (x —&(y)™, i=1,...,m, (4.2)
&ily) # &(y)  for any i # j,

where & (y) € C{y"/ CZ}, with d a positive integer. The above factorization, to any desired
power of y, can be done by the method described in 3. The roots &(y) (i=1,...,d) are
algebraic functions over C(y), and we have an algebraic extension field C(y, ;). Therefore,
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using the extended Euclidean algorithm over C(y, &y, ..., &), we can calculate Lagrange’s
interpolation polynomials Wl(l) (z,y),..., W (z y) (I=0,...,d—1) satisfying

WOIFD . O/ FO 4 WO . O /O] = gl

T

(4.3)
deg, (W (z,y)) < deg,(F"(z,y)), i=1,...,m

Using Fi(o) (x,y) and Wi(l) (x,y), we can perform the conventional Hensel construction
for F(z,y,z1,...,2,) with moduli Sy, = (21,...,2,)* (k=1,2,...). The result is an
integral-power series in 2y, ..., z,. If m; = 1, which occurs frequently, we obtain a desired
expansion of the root corresponding to &;. In this expansion, an expansion coefficient may
become infinite as y — 0. Let us convince ourselves of this by an example.

Example 3 Expansion using bivariate linear factors.
F(z,y,2) =2 +(y—2)v —y — 2z +y* — 2° (4.4)
Applying the extended Hensel construction, we can factorize F'(z,y,0) as

F(z,y,0) =2 +yz —y+y° = (z — &1(y) (= — &(y)),

4.5)
N Y _ § _ 9 , B 27 B . (
&G(y) = =5~ DV = Qv = 508" — 10577 ), i=1,2.

We put £ (x,y) =2 —&(y) (i=1,2). Note that we have

S+&=—y &&L=-y+y
&=—ys+y—y> (i=12).

Using these relations only, we can perform the following calculations. Lagrange’s inter-
polation polynomials Wl(l), WQ(I) (=0, 1) satisfying (4.3) are

o _ 2ty ) _ Y&t 2y — 27

by -3y ! dy —3y2
o _ 2ty i _ Y& 2y — 2

2 dy — 3y? ' 2 4y — 3y?

The Hensel construction of F(z,y, z) with moduli S = (2*) (k=1,2,--) gives us

) _ 92
&+ (& —3)y+2y -

Fl(k)(xaya Z) = x_gl +

e
(4.6)
—26 + (& —3)y + 2¢°
Ff(,y.2) =0 — 6 + 4(52_3y)2y S

Thus, the roots of F(z,y,z) are expanded into integral-power series in z. Similarly, we
can express the roots in terms of integral-power series in y. O
F»(k)(x,y,z) (1=1,2) in (4.6) show that

)

(coefficient of z in E(k)(x,y, z)) — oo asy — 0.
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On the other hand, at y = 0, F(z,0, z) is factorized as

F(x,0,2) = (x —m(2))(@ —m(2)),

2 5025 , 125 , ) (4.7)
..’ Z .

(2) =2 — (—1)/z(1+ 27— 22
m(z) =5 = )ﬁ(JFSZ 128° T 10247

We see that F* (x,y,2) in (4.6) does not converge to (x — n;(2)) if we set y — 0. This
means that Hensel constructions with initial factors in (4.5) and (4.7) lead to series which
show different analytic behaviors at y = 0 and z = 0. Note that the series in (4.6) are
Taylor series w.r.t. z while the series in (4.7) are Puiseux series w.r.t. z.

If we expand the roots w.r.t. the total-degree, we obtain an expression which converges
to (4.5) and (4.7), respectively, as z — 0 and y — 0.

Example 4 Expansion w.r.t. the total-degree.
We use the same polynomial as in Example 3, and introduce the total-degree variable ¢
by the transformation y — ty, z — tz:

The roots x;(y, z) of F(x,y,z), w.r.t. x, are

—tly —2) = (“1)VP — 2)? + iy + 2) — 422 — 22)

Xi(y,2) = 5 . =12

Expanding the roots into fractional-power series in ¢, we obtain

Xil2) = gtz — )~ (~) iy + 21— 132 + 2z — 5:2)/A(y + 2)

1 ir1/2 1 L 2
= Stz —y) = ()Y E{L - otR(y.2) = et Ry, 2) - ]
where R(y,z) = (3y* + 2yz — 52?)/(y + z). Putting ¢t = 1 in the above expressions, we
obtain the required expansion. O

We note that, in the above expressions, expansion coefficients do not become infinite
if we set y — 0 and/or z — 0. Furthermore, we have the following property.

—0

[expansion of F(x,y,2)] 2= [expansion of F(z,0,2)]
(4.8)

z—0

[expansion of F'(x,y,0)]

This convergence property seems to be desirable, however, the extended Hensel construc-
tion w.r.t. the total-degree does not always give this property. For example, consider

F(z,y,z) =2+ (y — 2°)z — (y + 2°) + (y° = 2°).
This polynomial is nothing but the one given in Example 4, with the replacement z — 23,
and both F(x,y,0) and F(x,0,z) are expanded into fractional-power series. However,

expansion w.r.t. the total-degree will lead to an expression in C{y'/?, z}[z]. If we define
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the total-degree with weights 1 and 1/3 for y and z, respectively, then we obtain the
expansion satisfying (4.8).

It should be noted that the property (4.8) cannot always be attained even if we define
the total-degree with any weights for y and z, as the following example shows.

Example 5 Expansion w.r.t. total-degree of various weights.
F(z,y,2) = 2% = 2(y° + 22z — (y* +yz + 2%).
The roots of F(z,y,z) w.r.t. x are
Xi(y,2) =2+ 22 — (=D (2 + 22+ (PP +yz + 222, =12

By defining the weights of y and z in any way, series expansion of the root x;(y, z) is
classified into one of the following five cases.

Case 1. weights = (y: 1, z:00) : expressed with /%3,

Case 2. weights = (y: 1, z:2) : expressed with \/y3 + yz,
Case 3. weights = (y: 1, z:1) : expressed with ,/yz,
Case 4. weights = (y:2, z:1) : expressed with /23 + zy,

Case 5. weights = (y: 00, z:1) : expressed with v/23.

In fact, the series expansions become as follows (since F'(x,y, z) is symmetric w.r.t. y and
z, we consider only Cases 1 ~ 3).
1

. 1
Case 1: Xi = (y2+z2)— (—1)1\/;{14—5}%1(:%2) 8R%(y7z)+}7
where Ri(y, 2) = (yz + 2° +y* + 2¢%2° + 2*) [y/°,

, 1 1
Case 2 i = (4 + ) = (~L'VTF g{ L+ S Raly. 2) —

where Ry(y, 2) = (2% + 9% + 20222 + 24) /(v® + y2),

. 1 1
Case 3: xi = (v +2°) = (~1)'VIE{1+ 5 Ray. 2) = SR3(w.2) + -+ .

where R3(y, 2) = (v° + 2° + y* + 2y22% + 2%) /yz.

We see that all of these expressions show different analytic behaviors at y = 0 and z = 0.
O

4.2 Extended Hensel construction w.r.t. the total-degree

Although property (4.8) is not always satisfied, expansion w.r.t. the total-degree seems
to be most desirable. Therefore, in this subsection, we investigate it in details. Note that
the expansions w.r.t. total-degree in previous subsection were obtained through the root
formula hence the method is not applicable to high degree polynomials.

We introduce the total-degree variable ¢ by the replacement y — ty, ..., z — tz in
F(x,y,...,z), hence the total-degree is for subvariables v, ..., z.
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Definition 3 (Newton’s line for multivariate polynomial) For each nonzero
term cxy® --- 2% of F(x,y,...,z), we plot a dot at the point (ey, e, + -+ €,) in the
ex-€; two-dimensional Cartesian coordinate system. Let L be a straight line such that it
passes the point (d,0) as well as another dot plotted and that no dot plotted is below L.
The line L is called Newton’s line for F.

Definition 4 (Newton’s polynomial for multivariate polynomial) The sum
of all the terms of F(x,vy,...,z), which are plotted on Newton’s line is called Newton’s
polynomial for F.

Let Newton’s line be e, /d + e,/6 = 1. Let 6 and d be positive integers satisfying
5/d=26/d, ged(d,d)=1. (4.9)
We define ideals Sy (k=1,2,...) as follows.

Sk _ (x’tS/cZ)dX (tl/cz)k

7 $d71t(k+8)/d’ xd—zt(k+25)/(i’ o xot(k+d8)/d)_ (4.10)

Remark 5 Since a term cx®y® - - - 2% is plotted uniquely at the point (e,, e,+- - -+e,)

in the e,-¢; plane, Lemma 1 in 3 tells us that any term of F'(x,y, ..., z) is plotted at one
of the points
{(d=0,(k+0)/d), (d=1,(k+0)/d), ..., (0,(k+dd)/d) | k=0,1,2,... }.

Remark 6 The total-degree variable ¢ will appear only temporally in the computation
and it will be erased at the last step of computation. Therefore, we will say, for example,
that F(z,y,...,z) with total-degree variable is in C[z,y,...,z|. However, we will also
say, for example, that F(©)(z,y,...,2) is a homogeneous polynomial in 2 and #3/d_ Note
that there is a good similarity between the treatment for bivariate case and that for
multivariate case when viewed w.r.t. variables z and t.

In the bivariate case, we have seen that F(z,y) can be factorized in C{y}[z] if corre-
sponding Newton’s polynomial F(%)(z,) can be factorized in C[x, y] (Theorem 2). In this
subsection, we show that a similar factorization can be performed for multivariate polyno-
mial F(z,y,...,2), too. Let FO(x y,..., 2) be Newton’s polynomial for F(z,y,...,z),
defined as above, then F© is homogeneous w.r.t. z and ¢ = t*/¢. In general, F(©) can be
factorized in Clx,y, ..., 2| as

FOzy,....2) = Hi(z,y,...,2)™ - Hy(z,y,...,2)" (4.11)
(irreducible factorization in Clz,y, ..., z]),

ged(H;, Hj) =1 for any i # j, (4.12)

deg,(H;) =mr;, i=1,...,s. (4.13)

Suppose that s > 2. We put

‘Fz'(O)(‘raya"wZ>:Hi(xayv‘-'vz)mia i:]_,...,S. <414>
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Lemma 5 For each | € {0,...,d — 1}, there exist Lagrange’s interpolation polyno-
mials Wl(l), L WWin K(y, ..., 2)[x], satisfying

WOLE - FO/FO) + -+ WOIR® - FOFO) = o s,
deg, (W) < deg,(F”), i=1,..s. '

For each i € {1,...,s}, Wi(l)tAd*l (1=0,...,d—1), with t = ts/d, are homogeneous polyno-
mials in x and t, of total-degree degx(Fi(o)) w.r.t. x and t.

Proof. We can calculate Wi(l) by the extended Euclidean algorithm which consists of
only rational operations on the coefficients w.r.t. . Hence, Wi(l) € K(y,...,z)[z]. Since
F is homogeneous w.r.t. z and £, so is W”. Since degx(Wi(l)[Fl(O) e F§0>/F;(°)]) < d,
if we multiply ¢! to the upper equality in (4.15), both sides of the equality become

homogeneous polynomials w.r.t.  and . Therefore, Wi(l)fd_l is a homogeneous polynomial

inzandt. O

Remark 7 Contrary to (3.9) for bivariate case, we defined Lagrange’s interpolation
polynomials without multiplying ¢~ to the upper equality in (4.15). The reason is that,
in the multivariate case, V[/l(l)7 .., W® are rational functions in y, ...,z with different
denominators in general. Hence, we cannot clear the denominators by multiplying a
simple expression to the equality.

Theorem 4 Let F(x,y,...,z) be a polynomial in K|x,y,...,z], monic w.r.t. x and
square-free. Let FO(z,y,...,z) be Newton’s polynomial for F, defined as in Def. 4, and
be factorized in Klz,y,...,z] as in (4.11) with (4.12). Then, for any positive integer k,
we can construct E(k)(:c, Yy y2) € K(y,...,2)[z] (i=1,...,s), satisfying

F(l’,y,...,Z) EFl(k)(ZL‘,y’,Z)Fs(k)(l',y,72) (mOd Sk’-i—l)a
F-(k)(x,y,...,z) =Hi(z,y,...,2)™ (mod Sy), i=1,...,s.

)

(4.16)

Furthermore, Fl(k), ..., F%) are polynomials in total-degree variable t.

Proof. Since gcd(Fi(O), Fj(o)) =1 for any i # j and we have Lagrange’s interpolation

polynomials Wl(l), WO (1=1,...,d—1), we can perform the extended Hensel con-
struction with moduli Sy (k=1,2,...). Then, the theorem can be proved similarly as
Theorem 2. O

Corollary 2 FEach coefficient of term xz=t in Fi(k) is of the form N/D, where N and
D are homogeneous polynomials in vy, ...,z and tdeg(N) — tdeg(D) = ¢;.

Example 6 Extended Hensel construction in C(y, z)[x].
F([L’,y,Z) :l’g‘f“ (y—z+22)x2 — (y+2+y2 —Z2)J}—|— (y2 —23>.

Introducing the total-degree variable ¢, we find Newton’s polynomial F' ©) = 23 —t(y+2)x.
We see d = 2 and 0 = 1, hence t = t'/2.
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FO) is factorized in C[z,v, 2] as follows.
FO(z,y,2) = x x [a% — t(y + 2)].

We put F 1(0) = x and F2(0) = 22 —1t(y+2). Lagrange’s interpolation polynomials Wl(l), Wz(l)

(1=0,1,2) are calculated as follows.

—1 T
W(O) _ 7 W(O) _ 7
oty +e) Tty +2)
W =0, Wy =1,
W =0, Wi =

Note that W{2#40 « ¢ and WiV#40 « of, WiVt oc 2, Wi?{4-2 o 2f, in consistent

with the claim on degree of Wi(l)fd_l in Lemma 5.

Ideals Sy (k=1,2,...) are given by

Sp = (2, 817) x (1Y2)F = (2342, 224 (D2 gy ka2/2 | 04)/2),

Performing the Extended Hensel construction by one step, we obtain

AF® = p - OO0 (mod S5) = tly —2)2* + 0 + t3y>
2
FO = FO4w®y—2)+ w02 = 2t yi -
2 2 _ 2
B = B 4wty -2+ WOy = 2t — iy +2) +at Z -

Performing one more construction, we obtain

AF® = p_FYE® = rt?Ry(y, 2) (mod Ss),

493y 0222 4 93 _ A
where Rg(y,z):y YR YE T Ayr 2 ,
y? + 2yz + 22

2

F®» = FY 4 Wl(l)tQRg(y, z) = FY =g+t i :
y+z
@ _ 0 e s 27 — 2%
F2 = F2 —|—W2 t Rg(y,Z) = T —t(y+2>+$tm+$t Rg(y,Z).

Note that Fl(Q) and FQ(Q) are polynomials in ¢ with coefficients of rational functions in
Y,...,2, as Theorem 4 claims. O

4.3 Introduction of algebraic functions

In this subsection, we consider factorizing F," (x,y,...,2) (i=1,...,s)in (4.16) into
fractional-power series w.r.t. total-degree variable ¢. This factorization will be performed
similarly as described in 3.2, by introducing algebraic functions 6y, ..., 6, the minimal
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polynomial of which is much simpler than F'. Since this factorization is the same for each
Fi(]C , 1 <i<s, weredefine F(z,y,...,z) as follows.
F(x7y7"'7z)Ec(y7"'7z)|:x]7 (4 17)
F(z,y,...,2) = H(z,y,...,2)™ (mod S), '
where the modulus ) is defined by (4.10), and
H(z,y,...,z) € Clz,y,...,z],
(4.18)

HO,y,...,2) #0, deg,(H)=1r>2.

(That is, we exclude the case of H = z™.) Furthermore, H is monic w.r.t. z, irreducible
over C hence square-free, and homogeneous w.r.t. z and ¢ = %/¢.
Let the roots of H(z,y,...,2) |;=1 w.r.t. z be 01,...,0,, hence

H(x,y,...,2) = (x—10,(y,...,2)) - (x —10,(y,...,2)). (4.19)

Note that 6; # 6, for any i # j. The 6, in (4.19) corresponds to ¢; in (3.6). Contrary to the
bivariate case where (; may be either an algebraic number or a complex number computed
approximately, we must introduce algebraic functions 64, ..., 6., with minimal polynomial
H(z,y,...,z), in the multivariate case. That is, we treat an algebraic extension field

C(y,...,2)(6h,...,0,). We put

G wy,....2)=(@—10:(y,....2)", i=1,...n (4.20)
Lemma 6 For eachl € {0,...,mr — 1}, there exist Lagrange’s interpolation polyno-
mials Wl(l), cee WTU) which are polynomials in x, satisfying

WG ... .c0 /g0 .. WOG? ... GO /GO = 4,

r

" (4.21)
deg, W (z,y,...,2)) <m, i=1,...,m
Fach I/Vi(l), 1 <i<r, can be expressed as
w® N () 0.y -1 4 ... 0] 7910
Sy, 2) Wyl (T, Yy 2)(0) 4wy (Y, -, 2)(860;)° (122)

(

wjl)(ac,y,...,z) eCly,...,2)x], j=0,...,r—1

(That is, w](-l) (j=0,...,7=1) are independent of index i.) Furthermore, Wl-(l)fmr—l s a
homogeneous polynomial in x and t.

Proof. We can calculate W, (1=1,...,r) satisfying (4.21) by the extended Euclidean
algorithm, therefore the existence of Wi(l) is assured.

For each [ € {0,...,mr — 1}, we express Wl-(l) as
Wi(l) = wgr)n,l(t,y, I A R ﬁ)i(,lg(t,y, 22 di=1,

and determine the coefficients ﬁ)z(lj) (j=m—1,...,0) as follows. For p =0,...,m — 1,

we calculate the pth derivative w.r.t. x, of both sides of upper equality in (4.21). This
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gives us m equations. Then, for each i € {1,...,7}, we substitute 0; for = in these

m equations. This gives us a system of mr equations which are linear w.r.t. uN)Z(lJ) By

solving this system, we can determine IDZ(ZJ) (t=1,...,7, 7=0,...,m—1). Note that,
since H(z,y,...,z) is monic w.r.t. z, irreducible over C and H(t0;,y,...,z) = 0, we can

perform these calculations modulo H(fﬁj, Y,...,2) (7=1,...,r). Thus, Wi(l) is determined
to be a polynomial in z and fej (j=1,...,r), with coefficients which are rational functions

iny,...,z, satisfying degx(VVi(l)) < m and degej(VVi(l)) <r.
Substituting £6; for o in the uth derivative of upper equality in (4.21), we obtain

o L

d:u‘
[VVZ-(Z)G(O) . G(O)/G(O)] _ @(L’

dx” 1 s

x=10; (423)

(for 4 =0, no differentiation is made above),

x=t0;

because other terms contain factor (z — #6;) hence vanish by the substitution 2 — #6;.
Thus, W is determined by (4.23) only, with £ =0,...,m — 1. That is, we can express

2

Wi(l) in terms of ¢; only, without using 50]- (j # 1). Furthermore, since

d” 1 Qe

g G ...GO) 7

©) .. 20 /70 -
[Gl GT /Gl ] - m| dpm+u r

x=16; x=16;

and Ggo) GO = H(z,y,...,2)", the linear system derived from (4.23), with p =

0,...,m—1, is the same form for all the 6; (i=1,...,7). Therefore, I/Vi(l) can be expressed
as in (4.22).

That VVi(l)fm"_l is a homogeneous polynomial in z and £ is a direct consequence of that
Ggo) (j=1,...,r)areso. O

Example 7 Calculation of Lagrange’s interpolation “polynomials”.
Flz,y,2) =2 = (y—2)2" + (y+ 22+ > = 22%)0 — (y + 2 —y* — 2%).
Newton’s polynomial for F is F'© = 23 — t(y + ). Hence
H(x,y,2) = 2> —tly + 2) = (x — t6,)(x — 10y)(x — 103),

where £ = t/3, 0, = 0, 0y = wh and 05 = W20, with § = ¥y + z and w = (=1 + /31)/2,
a primitive cube root of 1. We put

GEO)(az,y,z) =r—1t0;, i=123.

Following the method described in the above proof, we calculate I/Vi(l) (1=0,1,2). Note

that, since m =1, Wi(l) is constant w.r.t.  and we have the case ;x = 0 only. Thus, we

have only to solve the following single equation to calculate Wi(l):

. - Il JU
r=t0; r=t0;

w dH/dx
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Since (£6;)® — t(y + z) = 0, this equation gives us

‘(l): (f@i)l _ (f@»lﬂ
’ 3(t0;)2 3ty +z2)

If I + 1 > 3 the numerator can be reduced further. Thus, we obtain

o _ o (#0:)° w1

' 3ty +2)’ ! 3t(y + 2)’ ' 3

Using relations 6y + 05 + 03 = 0, 0105 + 0503 + 0360, = 0, and 6,0205 = y + z, we can easily
confirm that the above expressions satisfy (4.21). O

Theorem 5 Let the extended Hensel construction of F(x,y,...,z) in (4.17), with
initial factors G\ (x,y,...,2) (i=1,...,7) giwen in (4.20) and moduli Sy, (k=1,2,...)
giwen in (4.10), be

F(z,y,...,2) =G (@,y,...,2)--GW(w,y,....2) (mod Sy,

(4.24)
ng)(x,y,...,z) = GEO)(x,y,...,z) (mod Sy), i=1,...,r
Then, Gz(k) (i=1,...,r) can be expressed as
ng)(ﬂﬁ, 3/7 s 72) = gffk—)l<x7 y7 ey Z)<£0i)r_1 + -+ g(gk)(xa 3/7 s 72)(£9i)07 (4 25)

k :
gj()(x,y,...,z)EC(y,...,z)[:c], j=0,....,r—1.

(That is, g§k) (j=0,...,7 — 1) are independent of index i.)

Proof. We note that, using Lagrange’s interpolation polynomials Wi(l) defined in (4.21),
we can perform the extended Hensel construction as expressed in (4.24).

Now, the theorem is apparently valid for £ = 0. Suppose the theorem is valid up to the
(k—1)-st construction step (k > 1). According to the procedure of Hensel construction,

G (¢t =1,...,r) are calculated as follows: put ng) = G’l(»k_l) + AGEk), Ang) =0

)

(mod Sy), then calculate
AF® = F - G¥ V. GgE-D (mod Sjq)
= f?Sfr)—l(y7 sy Z)xmril +oot f(()k)(y7 cey Z)xo’

and calculate AGEk) as

mr—1

AG,E]C) = Z M/i(l)(mvyw'-7Z)fl(k)<y7""Z>‘
=0

By the induction assumption, fl(k)(y, ...,2) (1=0,...,mr—1) are symmetric w.r.t. 6, . ..,
t0,, hence we can express fl(k)(y, ..., 7) without using #0y,...,t0,. Then, Lemma 6 tells
us that Gl(-k) can be expressed as in (4.25). O
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Example 8 Fractional-power series expansion of multivariate roots.
F(r,y,2) =2 —(y—2)2> + (y+ 22+ > =2z — (y+ 2 — ¢y — 2°).

This is the same polynomial as used in Example 7, hence we use the results in Example
7 and show only the Hensel construction step with moduli

Sp = (2, 11/3)3 x (1/3)k = (23¢k/3, 24 kA1/3 | gy (kt2)/3 4(h+3)/3)

We put £ = ¢/3 and F\” = 2 — {0, (i=1,2,3). Then, we obtain

AF® = - FORO R = t(y+22)z (mod Ss),
FO Z RO LWy 400 = o (i0) + 22 ()2
3(y+ z)

We can confirm easily that the above construction is the same for ¢ = 1,2 and 3. We show
one more construction, where the calculation is done by using relations 6, + 6, + 63 = 0,
0192 + 9293 + 9391 = O, 919293 =Y + Z, and 9? = 9% = 9% =Yy + z.

AF® = F—FOEVED = _t(y—2)2? (mod S),
. +2z . t(y — 2)
F® = FY W%y —2) = z— (i6,) + 2 —=(i6,)* — .
(2 (2 (2 (y Z) T ( ) + 3<y _|_ Z)( ) 3
In this way, we can construct Fi(k) ,k=1,2,3,..., as Theorem 5 claims. O

4.4 Calculating the multivariate roots x(vy, ..., 2)

In this subsection, we consider factorizing F(x,y,...,z) into linear factors as

F(z,y,....2)=(zr —x1(y,...,2)) - (xr — xaly, ..., 2)). (4.26)

Note that, although Example 8 above shows a calculation of multivariate roots, it is a
special case of m =1 in (4.17). In order to calculate the roots of F/(z,y,...,2) in general
case, we must consider the case of m > 2 in (4.17). That is, we must consider calculating
the roots of G(x,y,...,z) such that

G(z,y,...,2) € Cly,...,2)(0)|z], tA:tS/CZ,
(@,y ) € Cly A )(0)[x] (4.27)
G(z,y,...,2) = (x —th)™ (mod S;), m > 2,

where 6 is a root of monic irreducible polynomial H (x,y,...,z) which is homogeneous
w.r.t.  and £, and S is defined in (4.10).

We will calculate the roots of G(x,y, ..., z) similarly as explained in 3.3. That is, we
first perform the following transformation for G :

Gx,y,...,2) = G'(x,y,...,2) =Gz +10,y,...,2). (4.28)
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Then, renaming G’ as G for simplicity, we have

G(z,y,...,2) € C(y,...,2)(0)[z],

(4.29)
G(z,y,...,z)=2™ (mod Sy), m > 2,

and we encounter a problem which is similar to that treated in the previous subsections.
Only one difference is that G(z,, ..., z) is now a polynomial in 2 and ¢ over the algebraic
extension field C(y, ..., 2)(6).

For G(z,y,...,z), we can draw Newton’s line and calculate Newton’s polynomial
GO(z,y,...,z), as defined in 4.2, because G is a polynomial in = and ¢. Furthermore, we
can define ideals Sy (k=1,2,...) asin (3.32), because S}, is defined by only two variables x
and f. Then, we first factorize GO (z,y,...,z) in C(y,...,2)(#)[z], as we have factorized
FO(x,y,...,2) as in (4.11), then factorize each factor of G® “formally” by introduc-
ing algebraic functions Oy, ..., ©,, as we have introduced 6y, ..., 0, in (4.19). That is, we
treat an algebraic extension field C(y, ..., 2)(0,©,...,0,) as coefficient domain of factor
polynomials. Since the Euclidean algorithm works over this extension field, we can calcu-
late Lagrange’s interpolation polynomials and perform the extended Hensel construction
for G(x,y,...,2) with moduli S, (k=1,2,...). Suppose that G(z,y,...,z2) is factorized
by this construction as

G(z,y,...,2) = ng)(x,y, CeyZ) e ng)(x,y, ...,z) (mod Sky1), (4.30)

then, as we have proved Theorem 5, ng), 1 <@ < p, is expressed as a polynomial w.r.t. 8
and ©; only, with coefficients of rational functions in vy, ..., z, where the coefficients are
independent of index 1.

This process can be repeated, and we have the following theorem.

Theorem 6 Let F(x,y,...,z) € Klz,y,...,z] be monic w.r.t. x and square-free.
Then, by repeated use of the extended Hensel construction, we can factorize F(x,y, ..., z)
into the form (4.26). Let O, ... 0©) be algebraic functions, where ©, (= 0) is an
algebraic function to be introduced first by the procedure mentioned above, with a min-
imal polynomial HY (x,y, ..., z) over C(y,...,z), and OV (2 < j < o), is an alge-
braic function to be introduced j-th, with a minimal polynomial HY)(z,y,...,z) over
C(y,...,2)(©W,...,0U=). Then, each root x(y,...,z) of F(x,y,...,z2), w.r.t. x is er-
pressed as a polynomial w.r.t. O ... 0 ) where each coefficient is of the form N/D,
with N and D homogeneous polynomials in vy, ...,z and tdeg(N) — tdeg(D) > 0.

Proof. Repeated applicability of the extended Hensel construction and the form of
each factor of F' have been proved above, so we have only to prove that we obtain linear
factors finally. Suppose that we cannot factorize F' into linear factors, then the above
discussions mean that F' contains a factor of the form (z — x)™, m > 2, which contradicts
that F is square-free. O

5 Concluding Remarks

We have shown in this paper that a slight extension of the generalized Hensel construc-
tion allows us to calculate the roots of multivariate polynomial F'(x,y, ..., z) in the same
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way as for bivariate polynomial F'(x,y). The roots in multivariate case are expressed as
fractional-power series w.r.t. the total-degree, by using algebraic functions O, ... 0
whose minimal polynomials are much simpler than the given polynomial. As we have
pointed in Remark 6, there is a good similarity between theories for bivariate and mul-
tivariate cases, when viewed w.r.t. the main variable x and the total-degree variable ¢.
This fact allows us to treat the multivariate case simply.

For bivariate polynomial F'(x,y), one can use our method in two ways: one may treat

the roots (1,..., (. of Newton’s polynomial F)(x,7) as algebraic numbers, or one may
calculate (1, ..., (, numerically hence approximately.
When (;,...,(, are treated as algebraic numbers, the number of algebraic numbers

to be introduced by our method to represent a root will be much smaller than that by
Newton-Puiseux’s method. The reason is that our method introduces algebraic num-
bers systematically for all the roots and each root is expressed simply as in Theorem 5
which is valid in bivariate case, too. In this point, Kung-Traub’s method is not much
different from Newton-Puiseux’s method, because Kung-Traub’s method calculates each
root separately by employing the Newton polygon to determine the algebraic numbers,
as Newton-Puiseux’s method does.

When (3, ..., (. are calculated approximately, our method will be much more useful
than Newton-Puiseux’s method in that it is pretty safe against the numerical errors. If a
branch point Pg is determined approximately as P = Pg+ 40P, where P is an approximate
branch point with an error P, then Newton-Puiseux’s method often gives the Taylor se-
ries expansion at P instead of Puiseux series expansion at Pg. Hence, Newton-Puiseux’s
method is quit sensitive to the numerical errors. Our method is composed of three steps,
the first is to determine Newton’s polynomial and calculate Lagrange’s interpolation poly-
nomials. The second is to select terms by the ideal Sy, and perform the extended Hensel
construction. The third is to perform the transformation G(z,y) = G(x + Ct,y). Most
part of the computation is included in the second step which is safe against numerical er-
rors, because necessary terms are selected by the ideal Si,; definitely. Furthermore, other
two steps are not so dangerous, although numerical accuracy may be lost by cancellation
of almost the same numbers. In fact, Shithara and Sasaki [SS96] applied our method with
floating-point number arithmetic to analytic continuation and Riemann surface determi-
nation of algebraic functions successfully.

When approximate arithmetic is employed, factorization in (4.11) may be not exact
but approximate. For such approximate factorization, conventional factorization algo-
rithm breaks down but we can apply approximate factorization algorithm by Sasaki et al.
[SSKS91].

One may think that our method is very complicated when applied to multivariate
polynomials, but this is not true: our method can be executed rather simply, as Exam-
ples 6 ~ 8 show. We have not considered application of our method for multivariate
polynomials. We think, however, that if algebraic functions 6§ and © are expressed ex-
plicitly by radicals, such as § = /y + z, then the roots obtained by our method will be
quite useful; they show analytic behaviors of algebraic functions x;(y,...,2) (i=1,...,d)
around a singular point rather well.

In order to apply our method, as well as methods for regular case, to many practical
problems, many investigations are necessary. In particular, error analysis of the methods
with floating-point number arithmetic is very important, and we have performed such an
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analysis partially for multivariate power series expansion of the roots of F(z,vy,...,z2),
see [SKK94].
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